[1] The equivalence of spatial velocity statistics calculated from second-order structure functions on constant pressure or constant altitude surfaces is demonstrated from analysis of numerical weather prediction model output, rawinsonde data, and commercial aircraft wind measurements. These large data sets allow the development of very accurate statistics. Turbulence scaling laws for horizontal velocity statistics are found to be equivalent for either calculation.
Introduction
[2] Spatial velocity statistics (spatial spectra, structure functions, or covariance functions) describe the atmospheric dynamics as a function of spatial scale, season, and geographic region. Various spatial velocity statistics have been produced from the analysis of aircraft observations [Nastrom and Gage, 1985; Lindborg, 1999; Frehlich and Sharman, 2010] , Numerical Weather Prediction (NWP) model output [Skamarock, 2004; Sharman, 2004, 2008] , Global Climate Model (GCM) output [Koshyk and Hamilton, 2001; Takahashi et al., 2006; Hamilton et al., 2008] , and rawinsonde observations [Frehlich and Sharman, 2010] . Spatial statistics have also been investigated using idealized numerical simulations [Lindborg, 2005 [Lindborg, , 2006 Waite and Bartello, 2006; Waite and Snyder, 2009] . However, all past results based on observations (aircraft and rawinsonde) have been calculated on constant pressure levels, and Lovejoy et al. [2009 Lovejoy et al. [ , 2010 have indicated that these statistics should be performed on constant altitude levels because of the large altitude variations of the pressure surfaces associated with synoptic scale disturbances. They also propose that the turbulence scaling laws are different for constant pressure levels and constant altitude levels. This interpretation has been challenged by Lindborg et al. [2009] . Further, Skamarock [2004] found that spatial velocity spectra from NWP model output were equivalent for calculations on constant pressure or constant altitude levels. Here, results are presented from second-order structure function analyses of NWP model output, commercial aircraft data, and rawinsonde data that convincingly demonstrate the equivalence of spatial velocity statistics calculated on constant pressure and constant altitude levels when the data is taken over sufficiently long time periods (at least one year).
Observations
[3] For this study, the observations used are from the rawinsonde network and three sources of meteorological observations from commercial aircraft: the Aircraft Communications, Addressing, and Reporting System (ACARS), the Aircraft Meteorological Data Relay (AMDAR), and the Tropospheric Airborne Meteorological Data Reporting (TAMDAR) system [Daniels et al., 2006; Moninger et al., 2009] . The accuracy of the rawinsonde data is 0.5 m s −1 in each horizontal velocity component [Jaatinen and Elms, 2000] and altitude is calculated from the temperature and pressure profiles provided through the hydrostatic relation.
[4] For the ACARS and AMDAR observations, the accuracy of each horizontal wind component is approximately 1.25 -1.5 m s −1 [Benjamin et al., 1999; Drüe et al., 2008] . As with aircraft data used by Nastrom and Gage [1985] , Lindborg [1999] , and others, the ACARS/AMDAR data reports altitude calculated from the pressure using the standard atmosphere and does not provide independent altitude information. However, the TAMDAR data does include pressure and GPS altitude and therefore permits the calculation of velocity statistics on both constant pressure and constant altitude levels over the Continental US (CONUS).
RUC NWP Model
[5] Statistical analysis is performed using NCEP's Rapid Update Cycle (RUC) model output [Benjamin et al., 2004] . In principle, any NWP model could be used for this analysis, but the RUC model was chosen because of the fairly high horizontal resolution (grid spacing about 13 km), the higher effective vertical resolution provided by the isentropic vertical coordinate system at upper-levels in the model, and the lengthy archive available (2 years). This model is a hydrostatic model which ignores vertical accelerations and Coriolis terms in the vertical equation of motion. This is a very good approximation for the scales of motion resolved by the model as a simple scale analysis demonstrates [Holton, 2004, section 2.4.3] .
Structure Function Analysis
[6] Structure functions are ideally suited for the calculation of spatial statistics with a non-uniform observation system [Frehlich and Sharman, 2010] . The structure function of variable u on a constant pressure level p is defined as
where h i denotes an ensemble average, and u(s, p, z) denotes the variable at horizontal location s, and altitude z. By substituting u(s 1 + s, p 2 , z 1 ) − u(s 1 + s, p 2 , z 1 ) = 0 into equation (1) where
is the structure function for constant altitude at the average altitude
i is the structure function of u for the average vertical displacement
The equivalence of the structure functions on constant pressure D uu (s, p) and constant altitude D uu (s, z) therefore requires that the last two terms of equation (2) are negligible compared to the first term. Note that C uu is approximately zero for typical horizontal mesoscale separations s since the two velocity differences are uncorrelated.
[7] Since there can be small variations in the velocity statistics with altitude and latitude [Nastrom and Gage, 1985; Cho and Lindborg, 2001; Frehlich and Sharman, 2010] , here the structure functions were calculated for the latitude band 40-50 N over CONUS which has a relatively high density of ACARS and TAMDAR data [Moninger et al., 2009] , and is also in the middle of the RUC computational domain. The horizontal velocity vector was decomposed into a longitudinal component v L and a transverse or normal component v N based on the location of each data pair [Frehlich and Sharman, 2010] . The longitudinal D LL and transverse or normal D NN structure functions as a function of separation distance s then describe the second-order horizontal velocity statistics.
[8] Structure functions can be computed on constant pressure or constant altitude levels using rawinsonde, TAMDAR, and NWP data. Structure functions from the RUC NWP model were calculated on constant pressure surfaces and the constant altitude surface corresponding to the average altitude of each constant pressure surface. To improve the statistical accuracy of the structure function estimates when using the TAMDAR data, the data was first collected into small altitude layers (for constant altitude calculations) or into small pressure layers (for constant pressure calculations) before computing an average structure function from the multiple layers. For calculations on constant pressure levels, the bin interval was 4 hPa and 11 levels were averaged around the chosen reference pressure level. For calculations on constant altitude levels, the bin interval was 200 m and 5 intervals were averaged around the reference altitude for a total altitude interval of 1 km which is a good match to the range of average altitude from the constant pressure level estimates. If a random variable has a uniform distribution over an interval D, the rms or standard deviation is D/ ffiffiffiffiffi 12 p [Parzen, 1960] . Therefore, if the observations are uniformly distributed over the 200 m altitude interval, the rms altitude variations are 200/ ffiffiffiffiffi 12 p = 57.7 m and the structure functions can be considered constant altitude estimates. Quality control checks of the aircraft observations were performed as described by Frehlich and Sharman [2010] . The structure function estimates were rejected if the total number of data pairs for either calculation (constant altitude or constant pressure) was less than 500.
[9] The time periods of the data used are: rawinsonde Statistical accuracy improves with longer observation periods which produce more independent samples of the larger scale synoptic features. Therefore, the rawinsonde data produces the most accurate results, followed by ACARS/AMDAR, then the RUC model and finally the TAMDAR data.
[10] Results for the 250 hPa constant pressure level and the corresponding constant altitude calculations centered on 10.438 km (the average altitude of this pressure level) are shown in Figure 1 . For this pressure level, the standard deviation of the rawinsonde altitude was 295 m compared to 57.7 m for the TAMDAR data. The constant pressure and constant altitude structure functions from the RUC model agree to better than 5% over the full spatial separation domain of the calculations. There is also good agreement of the RUC constant pressure estimates with the ACARS/ AMDAR estimates for spatial scales larger than 300 km where the effects of the spatial filtering by the numerics of the RUC model are negligible. The constant pressure and the constant altitude estimates derived from the TAMDAR data are in very good agreement, even though the statistical accuracy is less because of the smaller data set available. Also, the structure functions of the rawinsonde data interpolated to constant altitude are in good agreement with the empirical model for constant pressure derived from the ACARS/AMDAR and rawinsonde data at constant pressure levels [Frehlich and Sharman, 2010] . Similar results are produced for the 300 hPa pressure level as shown in Figure 2 .
[11] The 500 hPa region in the middle troposphere shown in Figure 3 contains the largest amount of TAMDAR data and therefore provides the largest coverage of the spatial scales of interest. Again, there is good agreement among all structure function estimates. The increase in spectral slope at 250 hPa compared with 500 hPa is most likely a consequence of the energetic jet stream at 250 hPa which has a typical spacing of approximately 2000 km. This is demonstrated by the peak of the transverse structure function D NN in Figures 1-3 . Note that all the structure functions show a deviation from the s 2/3 scaling at intermediate to large scales.
[12] The most likely explanation for the equivalence between constant pressure and constant altitude statistics is that the contribution from the average vertical displacements D uu (s z , z) in equation (2) is small compared with the term D uu (s, z), as discussed by Lindborg et al. [2009] . Note that the average altitude difference s z on constant pressure surfaces is on the order of the rms altitude variations H rms of the constant pressure surface. Therefore s z < 300 m (see captions of Figures 1-3) . From Figure 1 of Lovejoy et al. [2007] , the term ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi D uu s z ; z ð Þ p < 1 for s z = 300 m and therefore D uu (s, p) and D uu (s, z) agree to better than 1% for a horizontal spacing of s = 1000 km since D uu (s, z) > 100 (see Figures 1-3 ) and C uu (s, s z , p, z) ≈ 0.
[13] Regarding the spectral slope, the structure functions estimates can be related to spatial spectra by simple empirical models, e.g., [Hinze, 1959] 
where K n (z) is the modified Bessel function of order n, s VK and s LS , and L VK and L LS , are the standard deviation and outer length scale of the von-Kármán and large scale component, respectively. The corresponding one-dimensional spectrum from equation (3) is [Hinze, 1959] 
which consists of two power-law components with a scaling of k −5/3 at high wavenumbers k and k −2n−1 = k −b at low wavenumbers where b = 2n + 1. A best-fit of equation (3) to all the ACARS/SND structure functions in Figures 1-3 for separations <1000 km produces the following estimates of the slope b: 3.08, 2.77, and 2.65 for the longitudinal component and 3.36, 3.05, and 2.88 for the transverse component at 250, 300, and 500 hPa, respectively. Note that this procedure produces quantitative estimates of the spectral slopes without the need for a subjective choice of a region for fitting a straight line. We therefore conclude that these results are consistent with past estimates of a low wavenumber spectral slope of −3 which are based on average spectra over different altitude and latitude ranges. However, there is typically only a decade of approximate power-law scaling at low wavenumbers and there are clear variations of the slope with altitude, latitude, season, and geographical regions [Nastrom and Gage, 1985; Lindborg, 1999; Cho and Lindborg, 2001; Frehlich and Sharman, 2010] , so assigning a single universal value to the slope is not appropriate.
[14] In any event, based on theoretical considerations, Lovejoy et al. [2009 Lovejoy et al. [ , 2010 argue that the spectral slope at low wavenumbers should obey a k −2.4 scaling instead of the k −3 scaling found in previous aircraft observational studies of Nastrom and Gage [1985] , Lindborg [1999] , and others. They maintain this discrepancy is due in part to the fact that the observations were taken on constant pressure surfaces rather than on constant altitude surfaces. However, in agreement with Skamarock [2004] , our structure function analysis of two independent sources of observations (rawinsonde and TAMDAR), and of NWP derived data, all indicate that there is no significance difference between the spatial statistics computed on constant pressure surfaces and those computed at nearly the same level but on constant altitude surfaces.
Summary and Discussion
[15] The equivalence of spatial velocity statistics derived from second-order structure functions calculated on constant pressure or constant altitude surfaces was demonstrated by comparisons of estimates from NWP model output and aircraft observations. These results are consistent with the claim of Skamarock [2004] , viz., "We have also computed spectra on constant pressure surfaces and on constant height surfaces and found that there is little significant difference among these spectra." The most likely explanation for this equivalence is that for constant pressure levels in extratropical regions, the variations in horizontal velocity differences at large separations (on the order of 1000 km) due to altitude changes interacting with the vertical wind shear are small compared with the magnitude of the horizontal velocity differences at constant altitude, as discussed by Lindborg et al. [2009] .
[16] The deviations of the s 2/3 scaling at small separations s to a steeper scaling at larger separations is a very robust result but has a latitude and altitude dependence which has implications for the theoretical predictions of atmospheric turbulence. However, there is only about a decade of the steeper power-law scaling before the structure functions flatten out at the largest scales. This makes it difficult to accurately fit a power-law (structure function or spectra) to this region. Further, the slope of the fit is regionally and seasonally dependent. Thus, a single universal scaling exponent is unlikely to be found.
[17] Quantitative error analysis is difficult because of the different spatial sampling of the data and the different temporal correlations in the atmospheric processes. However, as more data becomes available, robust statistical analysis can be produced with yearly-averaged estimates. 
